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I IN l ’R O t ) I J C T  I ON

Er idoc l i r on  I ~‘ t heo  r h’s o I TOO I €‘ r I ~i 1 b e h a v i o r  we re i n t  r oduced  and

emp loyed by V a l ; i n i s , R e f .  ( 4 J  mill  ( 5 ]  to deve lop :i c o n s t i t u t i ve  l ow  fo r

m e L d  is  w l i  i ( ‘Ii ch~’ roc I cr 1 z & s  st  r~i in h a r d e n i n g , un load  ing hehav  i or , r o s s—

b or d en  i ng  (~ . g. , t h e  e f f e c t  of p retw I st on a x i a l  hehav in r )  , t h e

;i lt c r;it ion of h y s t e re s i s  loopS w i t h  cOnt  in u e d  cyc lic s t r a i n i n g ,  a n d

sens i t  i v i  t y t 1) s t r a i n  r i t e .  Razan t an(l h i s  c o — w o r k e r s  f u r t h e r  (I ( ’V ( ’ 11) 01 ( 1

lie t h e o ry  to  d e s cr ib e  the  I i q r i e f a c t  ion of sand , R e f .  I ~ ] 
,iri d t l ~e i n —

e l a s t i c i ty  and f a i l u r e  of  c o ncr e t i ’ , R e f .  ( 1 ] .

F’u n d am cn t a l  l v , t h e  e n do c hr o n i c  mode l s do no t  make II~ ie 1 !  V I ’’ h i d  or

toad i n g  c o n d i t i o n , but in s t e a d  use a qud i i t  it v , I l l i e d  t h •  t n t  r i ) ~ I t  lit

which is introduced Into t h e cons t  R u t  ly e  laws 01 V i  S( ) t ’ l , l ’ ~ i t  it  V i f l  p1 H I

of t i l e  real  I ime . The i n t r i n s i c  t ime i s  o m o n o t o I l  c i  l i v  I l l  II  IS I ri g 1 1 , 1 1 1

of  t h e  d e f o r m a t i o n  history of t h e material. Through its 1151’ , sIih s t , lI i t  i i

si m i l a r i t i e s  in b e h l a v i or  to  c l a s s  i c o l  p la s t  ic i t y  may he a c h i e v e d  v i  t h I o l i t

t h e  introduct ion of a y i e l d  c o n d i t  ion , i n  R e f .  [2 1 ,  [ 4 1,  [5 ]  the  i n t r i n s i c

t ime is defined to be independent of  real time ; this leads to  en d o ch r on i c

models w h i ch  are r a t e  i n d e p e n d e n t .

in this repor t  these  endo chi r on ic mode l s  o r t ’ exam! nod w i t  Ii r e  ‘-ip t

to  Drucke r ’s s t a b i l i t y  p o s t u l a t e , Re f .  E l i .  J r  i s  d e m o n s t r .j t t ’ i t h i ~~t t h e

models v io lat ’e t h a t  p o s t u l a t e .  This  p r o of  i s  acu c Imp i I shed by a )  t ’( ’Ils t r l l c t  i n g

the  s imples t  p o s s i b le  endoch r on l c  model as an examp le , b ) de monst r ot  l u g

t h a t  i t  v io la tes  the  pos tu l a te , and c) showing t h a t  t he  non ’ compl ex

endochronic models e x h i b i t  the same q u a l i t a t ive b ehav io r  w h i c h  icad s  t o

violation of the postulate for the simple model.

- 
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The practical implications of the violation of Drucker ’s postulate

are discussed , leading to the conclusion that the endochronic models

are unsuitable for numerical solution of dynamic problems . in this

regard , examp les are presented of situations involving an endochronic

model for which: a) multiple solutions exist for what should be a

reasonable physical problem with a unique solutiop ,b) introduction of

small errors in initial and/or boundary conditions leads to rapid

deterioration in the accuracy of the subsequent computations.
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II INSTABILITY OF A SIMPLE ENDOCHRONIC MODEL

The simplest possible endochronic model can be constructed , as

in Ref .  [1], by starting with a one dimensional (uniaxial stress)

Maxwell model ,

dc 
= 

1 
1
da + ( 1)

dt E dt Z

in which t, a and u are the time , stress and strain , respectively , E is

Young ’s Modulus and Z is the relaxation time of the material. One may

rewrite Eq. (1) as

d c = - ~~da+~~~~dt (2)

If the differential of intrinsic time, d? , is defined by d1 = dcl ,

and the time differential , dt , in Eq. (2) is replaced by d~ , one obtains

the simple endochronic model ,

de = -
~~ da + ~~ dc~ (3)

This model is rate—independent and exhibits the stress—strain behavior

shown In Fig. 1. In particular , continued loading or reloading , of the

material results in an asymptotic approach to the limit , or fa ilure ,

stress. a ZE, while unloading results in much sti f fer behavior than

either initial loading or reloading. In fact , the stiffness of this

material during reloading is precisely the same as dur ing initial loading

at the same stress.

The behavior of the above model will now be examined with respect

to Drucker’s stabili ty postulate, Ref. [3]. For this purpose, refer to Fig. 2 in

4
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FiG. 1 STRESS STRAIN BEHAVIOR OF A SIMPLE
ENDOCHRONIC MODEL

FIG.2 ENERGY EXTRACTION IN INFINITESIMAL
UNLOADING - RELOADING CYCLES APPLIE D TO

ENDOCHRONIC MODELS
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which the material , which is i n i t i a lly  loaded to an e q u i l i b r i u m  s t a t e  
~~~
, 

~~

is subjected to unloading—reloading stress cycles of magnitude Aa

The inelastic strain produced in each of these cycles is denoted Ac~

Drucker ’s stability postulate for a small cycle requires that , for each

of the cycles iii Fig. 2,

J (i~~ - 
~~~) d’ > 0 (4)

A simple geometric intepretation of the integral in inequality (4)

shows tha t its value is equa l to the negative of the shaded area in

Fig. 2, or —A oA~~~/2 , so thai inequality (4) is violated . This means

that the endochronic model studied here is unstable in the sense tha t

it can be disturbed from an equilibrium state by an external agei~tcy which

does negative work.
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I l l  P RA CTICA l .  IM PLICATI ONS

To assess the  p r a c t i c a l  i m p l i c a t i o n s  of the precei-’ding result ,

i tS  a p p l i c a b i l i t y  to  more genera l endochronic mode ls must be established.

This  can be done q u i t e  e a s i l y  once it is r e c o g n i z e d  t h a t  a fundamental

c h a r a c t e r i s t i c  of al1 of the prev ious ly  proposed en d o c h r on i c  m o d e l s  i s

tha t , because they do not make use of y ie ld or l o a d i n g  c o n d i t i o n , t hey

do not ex p l i c i t l y  d i s t i n g u i s h  bet~ een in i t i a l  l o a d i n g  and reloading , as

do w o r k — h a r d e n i n g  p l a s t i c i t y  t h e o r i e s .  The o n l y  way to  a c h i e v e  f i n i t e

di f f e r e n c e s  between loading inoduti  and reloading modu l i  in an endoch ron i c

model (o ther  than to in t roduce  a f u n c t i o n a l  having the  form of a l o a d i n g

or y ield su rf ace) is to have an unloading branch of finite intrinsic

duration , so that the intrinsic time may change by a finite amount. In

any unload—reload cycle of infinitesima l duration and magnitude , however ,

Druckers stability postulate for a small cycle is necessarily violated.

The demonstrated instability of the endochronic models as proposed

in the literature is quite significant because of serious doubts it raises

with respect to questions of the uniqueness and continuous behavior of

solutions to mechanical problems involving these models (i.e., whether or

not such problems are properly posed in the mathematical sense). Related

considerations involve the practical problems which inevitably arise

whenever one employs a model which can lead to results that are unduly

sensitive to the usual , unavoidable small errors that enter into any

computation . Especiall y,  in the current era of compute r solution of

dynamic problems , one must guard against the use of material models that

can produce results which are of no value or significance because they

are merely consequences of errors Introduced by the machine or by the

computational scheme from which the results were obtained!

7



In th i s  regard consider  the  problem shown in F i g .  3 , in w h i c h  i t

is required to determine the amount of sho rt en ing  w h i c h  occurs  when a

large weight  W is slowl y p laced on top of a column of leng th  L and

area A ,whose behavior is described by the endochronic mode l of Fig. 2.

The obvious solut ion to th is  problem is that  the s tress in the

colum n is given by

w
(5 )

and the amount of shortening , Ax , is

Ax L c 0 (6)

in which ii~ the strain corresponding to cY~ on the in i t ia l  load ing

curve of Fig. 2. Furthermore , the mass and column are In equ i l i br ium so

that Ax remains constan t so long as the system is undisturbed .

Now suppose that this problem is being solved on a computer.

Inevitably,  at some time t = t , a bit is “dropped ”, or a round—off

error , e, is introduced into the value of Ax. Assuming , for simplicity,

that the shortening of the column is small compared to L, the change in

the value of the strain is

A x — e  e
L ~~~~~~~~ (7)

and a correspond ing decrease in str ess is

(8)

8



T h i s  in t urn leads t I) a downward : lc  i lerat ion , ~~, of the weigh

= W — A~ = AETIN 
. T (9)

As the weight moves downward b y an amoun t x from position (x  — c)

1~e column stress becomes

= — E
u~ + ( 10 )

so that during the downward mot ion

~ + AE~~ ~ = AE UN L ( I I )

where x = x = 0 at  t = t .  Thus t h e weigh t moves downward in harmonic

motion unti l t he l ow poi n t , X L 
= 2E

UN e/ E I D  is reached. A f t e r that

poi n t , the wei ght  returns upward , fo l lowing  the  e q u a t i o n

~ + AE~~ ~ = AE~~ ~~~ 
(12)

w i t h  i n i t i a l  c o n d i t i o n s  x = XL , x = 0 at  t he t ime t h e  low poi n t was

reached . Equat ions  ( 11) and (12) can be fo l lowed up b y sim i l a r e q u a t i o n s

d e s c r i b i n g  the subsequent  downward and upward m o t i o n s  of the  wei g h t .  I f

t h e  ser ies  of equa t ion s  is solved , the  r e s u l t i n g  column s t r e s s — s t r a i n

behav io r  is as shown in Fi g. 4. In th i s  so lu t i on , the  s t ress  o s c i l l a t e s

about  the  e q u i l i b r i u m  s t ress  1
0 w h i l e  t he  s t r a i n  d r i f t s  towards larger

and larger values as t ime passes. Therefore , two different solutions are

obtained depending upon w het h e r  or not the very small e r ror  e has been made .

Further , the average rate at which the column shortens in the “drifting ”

solution depends on the magnitude of the error e.

9
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R~~~~/
W~~GHT 
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ENDOCHRONIC
____MATERIAL MODE L

L

1
FnIXED SUPPORT

/7~O2~ ,~~~~~~~

FIG. 3 COLUMN OF ENDOCHRONIC MATERIAL
SUPPORTING A RIGID WE I GHT

FIG. 4 SOLUTION OF PROBLEM OF FIG. 3 WHEN
A SMAL L DISTURBANCE , e , IS INTRODUCED
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One migh t ra isv the coon e r argumen t that bee ,ltise a perfect I y ~ l as t i c

mater i a I can lead to non—un i que displa c ements tinder a 1 im i t 1 o;id , t lie

endochironic model is no less stable than a perfectly p lust i c one. Thi is

objection is n ot  va l id , h oweve r , becaus e the  endoch ron Ic model is

p o s i t  i v e lv  u n s t a b l e , as represented  by a negat i ve  v a lu e  of the integral

in inequality (4), while the perfectly plastic model possesses n e u t r a l

stability, as represented by a zero value of the integral in inequality (4).

This difference is reflected in the fac t that instabilit y of endochronic

mode ls occurs not only  at l i m i t  loads , hut over a wide  range of s t r e s s

levels .  Fur the rmore , in d i sp lacement  con t ro l l ed  problems ( w h i c h  more

closely represent  the  manner  in wh ich  m a t e r i a l  models are used in dynamic

codes) the endochron ic models admi t  the p o s s i b i l i t y  of s t ress  r e l a x a t i o n

due to smal l  high f r equency  er rors , whi le  the p e r f e c t l y p la s t i c  mode l s

a l w a y s  give wel l  d e f i n e d  and well  behaved stresses in such problems .

As an example of the behavior of the model in displacement controlled

situations , consider the problem of Fig. 5, in which a rigid mass rests

between two endochronic bars with prestress ~~~ Any small disturbance ,

.~x , in the position of the mass leads to the strain disturbance A~ =

which in turn leads to the solution for the stress—strain behavior in one

of the bars as shown in Fig. 6. It is apparen t from Fig. 6 that a

finite amount of stress relaxation results from the infinitesimal

disturbance tx .

The preceeding examp les involve single degree of freedom systems

only; t hey do not full y demonstrate the difficulties which can arise If

endochronlc models are us~~ for more complex problems . In fact , non—

uniqueness of solution can occur , as will now be shown by means of an

exam p l e

11



ENDOCHRON% C MATERIAL
SUB JECT ED TO I NIT IAL

• STR ESS ,

2’ RIGI D MASS

FIG. 5 A PROBLEM WH ICH RESULTS IN SPONTANEOUS
RELAXATION OF THE STRESS Ob FOR AN
ARBITRARILI SMALL CHANGE IN THE POSITION

OF THE MASS.

0~ 

F1G. 6 SOLUTION TO PROBLEM OF FIG. 5 WHEN A
SMALL DISTURBANCE , 1~~ E ,IS INTRODUCED
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Consider the problem of an endochronic bar of density of shown in

Fi g. 7 , in e q u i l i b r i u m  and at rest under the uniform and constant boundary

st ress a~ (compress ion p o s it i v e )  at t ime t = 0. Obviously ,  the  bar may

remain at rest  under the u n i f o r m  compressive pres t ress  
~~ 

fo r  a l l  t > 0.

Alternative non—equ i l i b r ium solut ions w i l l  be c o n s t r u c t e d

for this initial and boundary value problem when the bar behaves as indicated

in Fig. 2. For t h i s  purpose , consider the  space—time ,or x vs. t , plot of

Fig. 8. On this plot , lines of slope ± ~/~
T7

~UN 
and ~ h ave been

drawn to represent the possible locations of unloading and reloading

waves (characteristics) emanating from the generic point 0. These waves

travel with the speeds VUN and VLD 
= , respectively.

Note that Fig. 2 requires 
~UN > ELD and this in turn imp lies VUN > V~~ .

Let candidate solutions to the problem of Fig. 7 be represented by the

stresses 
~~~~ ~~ 

and the velocities t v in the regions shown in Fig. 8.

(For the trivial solution 
~~~~. 

= = and v = 0). For v > 0 the equations

of motion across the wave fronts give

O
1

cJ
O

P V UN v < O  (1 3)

0
2 

Cl P V LD V > O  (14)

while the strain—displacement relations give

(15)

12 
— C

1 
= V/VLD ~ 0 (16)

13
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~ENDOCHRONIC MATERIAL

FIG. 7 THE PROBLEM OF AN ENDOCHRONIC BAR
INITIALLY AT REST AND AT EQUILIBRIUM
UNDER THE PRESTRESS O~~

.

S$0o S’Oo X

FIG. 8 SOLUTION TO THE PROBLEM OF FIG. 7
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Because the region between any pair of wave fronts is uniform in stress

and velocity, Eqs. (1) — 16) insure satisfaction of the equations of

motion , the strain—displacement relations , the material behavior of Fig. 2,

and the a priori assumptions of unloading and reloading at the various fronts

in Fig. 8. Therefore , Fig. 8 represents a one parameter family of solutions

to the problem of Fig. 7, each member corresponding to a nonnegative value

of v. For each nontrivial solution , v > 0, the final stress 0
2 

relaxes to

0
2
= 0

0
_ P  (VUN

_ V
LD ) v < o

O

over a continually expanding region containing point 0. Simultaneously, the

resulting loss in strain energy is continuall y converted into the

kinetic energy, pv 2/2 , of the material in the cxpanding region between the

unloading and reloading wave fronts. Because of the multiple solutions

represented by Eqs. (13 — 16), it is clear that endochronic models will not

always lead to unique solu t ions to phy sicall y mean ing ful continuum problems.

It should be noted that it is not necessary to introduce an error , e,

into the continuum problem tn order to produce a new solution . However , it

is clear that if some error e did exist at the space time point 0, it would

propagate over an expanding region of material without significantly

dissipating (as the velocity “error” v does In Fig. 8). Assuming that one

had some basis for deciding which of the many solu tions to a prob lem was

the correct one, the way In which the errors would propagate in a numerical

solution can be used to obtain an estimate of the length of time one may

run an endochronic problem on a computer before the solution is destroyed

by such errors.

All numerical schemes for solving dynamic continuum problems begin

15



with a set of interpolating or approximating functions which describe the

conditions at time t for the computation to t + At. In general , these

functions cannot exactly represent conditions at any t ime t , so that

errors are introduced at most space points at most time steps. Let us

denote by e the average relative error introduced at any space—time

point in the value of any unknown q. If we assume e to be a normally

distributed random variable , then the average error arising from a single

space point over N time steps is e ,/~. Because each error leads to an

expanding region of errors of spatial extent on the order of (V~~ — VLD)~~~~
some number of points on the order of N(1 — VLD /V UN) will contribute

to the average error in the value of q at any space point after N time

steps. Because the error due to each of these points is also random , a

relative error on the order of eN,
~
/l — VLp /V

~~ 
can be expected In q.

For most practical interpolation schemes e is rarely less than l0~~ so

that N < 500 is required for errors less than 50% in one dimensional

situations whenever there is a significant difference between the unloading

and reloading wave speeds. In two dimensional situations the error

region expands in two directions so that approx imately N2 points contribute

to the error at any point, and the total relative error is on the order of

N3h
12
e. This means fewer than 100 time steps can be carried out before the

solution completely degenerates. Because many practical problems require

much larger numbers of time steps for adequate solution, and because such

computations ar~ easily achieved on modern computers, it is clear tha t the

error propagation characteristics of endochronic models make such models

unsuitable for the numerical solution of mechanical problems.
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IV CONCLUSION

A stability analysis of current endochronic models , which represent the

d if f e r e n c e s between load ing and unload ing behavior without resorting to

the concept of a yield condition , has been performed using Drucke r’s

stabIlity postulate in the small for a cycle. It has been shown that

these endochronic models violate that postulate , and the practical im-

plications of such a violation have been discussed . Analysis of some

simple problems has illustrated the difficulties which can arise when

endochronic modeLs are used , and leads to the conclusions that such

models are unsuitable for the numerical solution of mechanical problems .

Although it is possible to circumvent the difficulties which arise

in the current endochronic models , it appears that this would require the

introduction into the models of a func tion or functional having the same

features as the yield condition or loading surface of classical plasticity.

Whether the resulting model could be called endochronic is not a technical

issue but a matter of semantics.

17 
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